Practice problems
Linear Algebra

3.1 A We are given three different vectors by, by, b3. Construct a matrix so that the
equations Ax = b; and Ax = b, are solvable, but Ax = b3 is not solvable. How can
you decide if this is possible? How could you construct A?

The first problems 1-8 are about vector spaces in general. The vectors in those
spaces are not necessarily column vectors. In the definition of a vector space, vec-
tor addition x + y and scalar multiplication cx must obey the following eight rules:

(8)

X+y=y+x

x+(y+)=x+y+z

There is a unique “zero vector” such that x +0 = x for all x
For each x there is a unique vector —x such that x + (-x) =0
| times x equals x

(cre2)x = ci(eax)

clx +y)=cx+cy

(c1 +c2)x = 1x + cax.

—

Suppose (xj, x2) + (y1. y2) is defined to be (x; + y2, x2 + y;). With the usual
multiplication c¢x = (cxj, cxz), which of the eight conditions are not satisfied?

Suppose the multiplication cx is defined to produce (cx;, 0) instead of (cxy, cxz).
With the usual addition in R?, are the eight conditions satisfied?

The matrix A = %:g] is a “vector” in the space M of all 2 by 2 matrices.
Write down the zero vector in this space, the vector {;A. and the vector —A.
What matrices are in the smallest subspace containing A?

The functions f(x) = x” and g(x) = 5x are “vectors” in F. This is the vector
space of all real functions. (The functions are defined for —o0 < x < o0.) The
combination 3 f(x) — 4g(x) is the function h(x) =



10 Which of the following subsets of R? are actually subspaces?

(a) The plane of vectors (by, b2, b3) with by = by,

(b) The plane of vectors with b; = 1.

(c) The vectors with bybaby = 0.

(d) All linear combinations of v = (1,4,0) and w = (2, 2, 2).
(e) All vectors that satisfy by + by + b3 = 0.

(f)  All vectors with by < by < b3.

19 Describe the column spaces (lines or planes) of these particular matrices:

12 1 0 10
A=10 0 and B=|0 2 and C=|2 0
0 0 00 00
Find the null space for
L3 1 2 3 1 2 2 1
a)[ 5 ] } b)| 2 1 3 al 2 1 51
4 1 5 4 0 3 2

3.2 A Create a 3 by 4 matrix whose special solutions to Ax = 0 are s; and s;:

-3 -2
_ 1 _ 0 pivot columns 1 and 3
§1= 0 ad 52 = —6 free variables x> and x4
0 1

1 Reduce these matrices to their ordinary echelon forms U:

4 6
(a) A= 6 9 (by B= .
2 3

Which are the free variables and which are the pivot variables?
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21 Construct a matrix whose nullspace consists of all combinations of (2,2, 1,0)
and (3,1,0,1).



